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ABSTRACT

Pension systems around the world have undergone significant transformations in recent decades in
response to profound demographic changes that affect their performance. Population aging,
increased life expectancy, and declining birth rates have challenged the full development of these
systems, despite various parametric and structural reforms. In this context, the present article
proposes a scoring system to evaluate the performance of pension systems across different countries,
taking into account the diversity of existing schemes. The evaluation is structured around three
fundamental pillars: coverage, adequacy, and financial sufficiency, which aim to reflect the main
functions a pension system should fulfil. To construct this measure, statistical projections based on
time series are used, along with principal component analysis (PCA) techniques, which allow for the
synthesis of multiple variables into a single indicator. As result, this approach facilitates cross-country
comparisons, annual trend analysis, and the identification of areas for improvement in the design of
more effective public policies.

Keywords: pension systems, demography, scoring, time series, principal component analysis.
RESUMEN

Los sistemas de pensiones en el mundo han enfrentado importantes transformaciones en las tltimas
décadas como respuesta a los profundos cambios demograficos que afectan su desempefio. El
envejecimiento poblacional, el aumento en la esperanza de vida y la disminucién de las tasas de
natalidad han dificultado el pleno desarrollo de estos sistemas a pesar de las distintas reformas tanto
paramétricas como estructurales. En este contexto, el presente articulo propone un scoring que
permite evaluar el desempeiio de los sistemas de pensiones en distintos paises, tomando en cuenta
los distintos esquemas existentes. La evaluacién se estructura en torno a tres ejes fundamentales:
cobertura, adecuacion y suficiencia financiera, los cuales pretenden reflejar las principales funciones
que debe cumplir un sistema de pensiones. Para la construccion de esta medida se utilizan
proyecciones estadisticas basadas en series de tiempo, junto con técnicas de analisis de componentes
principales (PCA), que permiten sintetizar multiples variables en un Unico indicador. Como resultado,
este enfoque promueve la comparacién entre paises, el analisis de tendencias anuales y la
identificacion de areas por mejorar dentro del diseno de politicas publicas mas eficaces.
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1. INTRODUCTION

Nowadays, societies around the world are facing big demographic transitions, some more pronounced
than others, but since the formation of the greatest ancient civilization, this is the first time that
humanity is experiencing an unprecedented event, unique in history, which is happening as result of
the combination of two phenomena: the increase in life expectancy and the decrease in fertility rates.

Worldwide, 2020 was a memorable year, the population aged 60 or over was greater than the
population under five years old. In this way, the problem of population growth, which until a few
decades ago seemed to focus on quantity, has been extended to an intergenerational imbalance in
terms of older people. It is expected that in 2050 the proportion of the population over 60 years will
double globally and reach more than 20% of the total population (World Health Organization, 2022).

Furthermore, population growth is expected to increase at a controlled rate in America, Europe, and
Oceania, while in Africa and Asia, projections for the upcoming years indicate exponential increases.
On the other hand, worldwide life expectancy at birth over the next thirty years is estimated to
increase by approximately five years because of medical and technological innovations. In this
context, it is essential to pay attention to the economic subsistence of people during old age. Firstly,
the increase in life expectancy implies that people depend for longer on the money earned throughout
working life and destined for old age. Undoubtedly, the problem is not limited to presenting the
consequences of greater adversity to people with middle and low income (it is predicted that by
2050, almost 80% of the population will be concentrated within these incomes brackets) because
subsistence conditions will lead to rise in migration rates, where the regions of Europe, North America
and Oceania will be the main recipients of migrants from Africa, Asia and Latin America (United
Nations, 2017).

In the 1880s, in Germany, Chancellor Otto Von Bismarck created a social security system, defined
as a contributory pension scheme for active workers in relation to sickness and retirement benefits
(Scheubel, 2013). Decades later, in England, William Henry Beveridge introduced a welfare plan that
guaranteed a minimum pension of equal amounts for all workers with the main objective of
combating poverty and assuring subsistence in the so-called “Beveridge Report” of 1942 (Conde-
Ruiz & Gonzalez, 2018)1.

" Concerning the history of pension systems the Aerarium Militare was a financial institution that
managed the payment and retirement of Roman pensioner soldiers (Fernandez, 2003). Although this
system declined along with the Western Roman Empire, during feudal times, pensions reemerged as
non-formal systems based on the privileges of the nobility and the clergy, which, as an annuity,
granted lifelong income from the commoners.

In the 16th century, with the consolidation of European states, the English Parliament granted annual
pensions to the soldiers who lost limbs or became disabled in the service of The Crown. These
pensions were financed by tax collection. Later, the British colonies of Plymouth and Virginia, in
America, adopted this system for their militia. In the following years, with the arrival of the 18th
century, British officials, motivated by the desire to obtain adequate income for those who could not
continue in service, adopted a pension system in which a mandatory retirement policy stood out. At
the same time, in France, the ministers who had led the French Revolution in 1789, granted
themselves pensions under the argument that it was a compensation for their service, advocating
for their autonomy (Clark et a/, 2003).
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On the other side of the world, pension systems in Latin America appeared for the first time in Chile,
in 1924, under a defined benefit scheme. However, by 1980, Chile introduced a transformative
establishment of a pension system, completely different from those known and which was called a
defined contribution system (Subsecretaria de Previsidn Social, 2024).

Today, most countries in Europe have a defined benefit system, because of adjustments and
parametric reforms of the original systems of Bismarck and Beveridge. Although there are multiple
classifications and methodologies to analyse various pension systems around the world, this study
adopts an analysis based on cultural and regional areas that facilitates the understanding of the
interrelations among the coexisting models, which are outlined below. In essence, pension systems
in Europe are divided into the Anglo-Saxon model (United Kingdom), Central European model
(Germany, France, and Poland), Southern European model (Spain and Italy), and Nordic Model
(Sweden, Holland and Denmark) (Ablanedo & Baron, 2020). Whereas for Latin America, countries
such as Argentina, Bolivia, Chile, Mexico, El Salvador, Peru, Colombia, Costa Rica, Uruguay, the
Dominican Republic, and Panama, have adopted, after several structural and parametric reforms,
defined contribution systems (Mesa-Lago, 2020). It should be noted that the constant parametric
reforms in the pension systems are clear examples that reflect the dynamic needs of society. As a
background to this problem, since the beginning of the century, Jiménez and Cuadros (2003)
highlighted the fact that the deficiencies of the pension systems that existed at that time in Latin
America, derived from the poor structural implementation of incentives, demographic changes, and
low levels of the formal labour market.

Having described all these circumstances, we proceed to propose some important elements that must
be considered when talking about pensions around the world and are closely related to the social
organization of the countries where the different systems are implemented. These elements are
immersed in the political structure, demographic and economic development, educational progress,
and the awareness of citizens towards their financial well-being. In addition to that, the statistics
available for each system, allow making comparative studies; although they are not approached with
complete homogeneity due to the differences in each country, these offer an overview of social
security. There is literature covering the evaluation of pension systems, where the approach is carried
out from a conceptual point of view, studying the elements of the pension systems separately and
most of the time focusing on the financial aspect as are Barr and Diamond (2006), Knoef et a/ (2016),
Pokorny (2020) and Mesa-Lago (2022). Some interesting studies focus on the concept of adequacy
such as Cole and Liebenberg (2008), Bigss and Springstead (2008), Guven and Holzmann (2009),
Borella and Fornero (2009), Chybalski (2015) and Chybalski and Marcinkiewicz (2016). Particularly,
Alonso-Fernandez et al (2018) defines a synthetic indicator that measures the adequacy of the
pension systems view since the income ratio and risk of poverty, benefit ratio, theoretical replacement
rate, gender gap, old age dependency ratio and the employment rate.

In this sense, a new scoring system that considers how many people receive pensions, the pension
amounts, and the financial sustainability of the pension system could offer a valuable perspective
and a meaningful analysis of the efficiency of pension systems, approached from the fundamental
social and financial elements of these systems. Additionally, a metric capable of integrating all these
elements into a single data point would be of great interest in both academic and professional fields,
as it would allow for general comparisons between countries while also enabling temporal
comparisons that reflect the evolution of pension systems within each country. Ultimately, the goal
is to identify areas for improvement for the benefit of the population.

2. OBJECTIVES

Given the contextualization of demographic conditions and the historical changes, both parametric
and structural, made in pension systems around the world in the last years, it is important to review
data about the development of pension systems, to build general overviews and subsequently,
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encourage preparatory actions on the way to a challenging future. However, this information is the
basis of a broader study, which seeks to maximize the availability and significance of the data.

This paper aims to carry out the analysis of different variables that are considered to be directly
related to the performance of pension systems, to build an evaluation technique from them, with the
objective of classify different countries. And in this way, getting a measurement that brings together
the main aspects of a pension system (coverage, adequacy, and financial sufficiency), to achieve an
annual evaluation of the conditions of the pension system of each country in a general glance, and
after towards, showing international differences and promoting improvements in social protection.

The development of this analysis is approached in four sections. In Section 3 the methodology and
the mathematical procedures addressed are described. In Section 4 the results are detailed including
the findings from the application of the models, which are the basis of the discussions section (Section
5). Finally, in Section 6 are presented the general conclusions of the study.

3. METHODOLOGY

In recent years, payments in a pension system have become uncertain due to the great challenges
faced by institutions. Talking about social security today, means stirring up controversy and harsh
opinions on issues of public health, labour rights, and, particularly, pensions. Although the
introduction of Personal Retirement Plans, mostly offered by insurance companies, has been a novelty
in Latin America and some European countries, the economic and social reality of many countries
has adopted them as products for a small population, even with the attractive benefits they offer.
Consequently, economic stability in old age focuses on the efforts made during working life and the
effectiveness of public programs.

The four most important components of pension systems, as defined by the Inter-American
Conference on Social Security (cited in Contreras, 2020), are:

1. The amount of pension payment and the frequency of the payments.
2. The age at which the pension begins.

3. The period over which the pension will be paid.

4. The definition of actuarial equivalence.

However, within the elements that constitute pension systems, the principle of actuarial equivalence
is essential for understanding the system. In summary, this actuarial approach dictates that there
must always be equality between the amount of income and the amount of expenses, to guarantee
full compliance with obligations.

According to Contreras (2020), regardless of the type of pension system in question, it must consider
the following substantial elements to ensure good performance in most societies:

1- Monetary benefit.

2- Duration, whether for life or by regulations?.

3- Frequency of payments.

4- Constant real value (ensure purchasing power).
5- Coverage for old age, death, and disability.

Furthermore, pension systems can be classified into different categories depending on the
perspective from which the study is carried out: by type of scheme (transfers, insurance, and
savings), by their target population (old age, disability, and survival), by type of administration

2In some countries, such as Chile, Peru, and Colombia, people can choose between programmed retirement plans or
lifetime pensions, provided they meet the minimum requirements established by law.
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(public or private), by its source of resources (direct or indirect) and by its financing system (defined
benefit systems and defined contribution systems) (Contreras, 2020).

Bodie et al (1988) provide a description written that summarizes in a very understandable way what
a defined benefit system and a defined contribution system consist of. In the first case, a defined
benefit system focuses directly on the amount to be received, and it is calculated mathematically
based on the years of service and the salary earned during the productive stage. At any point in
time, the value of the pension can be seen as a deferred nominal annuity, because it cannot be
received until retirement age, and the retirement amount is fixed.

On the other hand, in a defined contribution system, both employer and employee make contributions
to a retirement account owned by the worker; these contributions can be invested in bonds, stocks,
and investment funds previously authorized for this purpose. At the beginning of the retirement
stage, the worker receives a sum because of the value accumulated in the fund which is regularly
provided as an annuity during old age.

Now, as seen from the classification provided by Contreras (2020), defined benefit systems are
financed through a pay-as-you-go model. In its pure form, a pay-as-you-go system distributes the
costs represented by pension payments for a given year among the contributions of the economically
active population. However, these pure models are not the most common. Overall, over 60% of the
pension assets are managed by pension funds, while the remaining assets are managed by insurers
companies and investment institutions (Social Security Administration, 2023). In summary, most of
these defined benefit systems are state-managed and backed by the government to prevent defaults
on current pension payments in case of funding shortfalls.

In contrast an individual capitalization model finances a defined contribution system. Under this
scheme, although the amount of each contribution is determined, the benefit that will be received in
the future is unknown. Normally, minimum benefits are guaranteed as benchmarks for contracting
annuities with insurance companies, likewise, minimum pensions are usually funded through taxes
when individuals lack sufficient contributory resources.

Once the elements and structure of both systems have been defined, we proceed to establish the
axes that, since an own criterion are considered the foundations of the main areas of pension
systems. These axes are coverage, adequacy and financial sufficiency. The coverage is the proportion
of people of pension age who receive a pension. This was the simplest way that we found to deal
with the accessibility of the pensions systems since a global sense, without consider gender, earnings,
etc (Meneu-Gavya et al, 2020). Defining the concept of adequacy is a very difficult task, although an
easy way to see if a pension system is adequate is thorough the prevention of poverty in old people
and the maintenance of a reasonable living standard live in the retirement. In this case, we study
adequacy under the future pensioner incomes first line, which is determined by the current
replacement rate and can be updated for each subsequent year of analysis. However, it is important
to recognize that there are different approaches since it is possible to study the adequacy (see e.g.
Alonso-Fernandez et al, 2018 and Rosado-Cebrian et al, 2020). The final aspect concerns to the
financial sustainability. Comprehensive, the sustainability could be measure with the relation of
pensions and contributions flows. With this we can determine the average proportion balance for
each pensions system according to its characteristics (Devesa-Carpio et al, 2020). In this paper, we
define sufficiency as the axis that encompasses the financial sustainability aspect. Punctually, we use
the minimum expenditure basket to represent the expenses of the pension system, rather than the
pension amounts, due to their variability and limited availability in databases.

In brief, these elements seek to ensure that the entire elderly population has sufficient income to
survive in their retirement stage in the short, medium, and long term.

Mathematically we define:
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Coverage:

Pensioned population over retirement age

Coverage = D

Population over retirement age

As it is shown, a rate is constructed from population over the mandatory retirement age of each
country pensioned and population over the mandatory retirement age of each country data. With (1)
we can get the coverage as the proportion of the population over retirement age that have access to
the pension scheme. For the countries of Austria, Belgium, Canada, the Czech Republic, Denmark,
Finland, France, Hungary, Iceland, Japan, Portugal, and Slovenia, we found that the number of
pensioners over the retirement age was greater than the total population over retirement age.
However, this discrepancy is because the available data were collected from different sources. To
address this, we converted these values of coverage to one. In the same way, the desired value is
one, and in this case the coverage is total.

Adequacy:

min (Average replacement rate, Replacement rate of 70%)

Adequacy = (2)

Replacement rate of 70%

Replacement rate results from dividing the pension rights by the income in the productive stage. It
indicates how good the provision of income in old age is, compared to the main provision before
retirement without considering the application of taxes and contributions. Various experts on the
subject have spoken regarding the replacement rate that is sufficient for the correct coverage of
needs. Palmer (1989) states that a replacement rate of 60% to 75% is sufficient to enjoy an adequate
standard of living; Yuh (2011) states that target replacement rates range from 65% to 85%
depending on income level and marital status; likewise, the Presidential Advisory Commission on the
Chilean Pension System for the year 2013, explained in a report on replacement rates, that the
minimum sufficiency level is over 70% for the average income of the last years of the labour stage.
For this study, a mandatory replacement rate of 70% is considered minimum and sufficient,
additionally, to obtain values within an interval between 0 and 1, a maximum limit was established.
From (2) is possible compare how much of the minimum replacement rate is reached by the
replacement rate of each country. In other words, the adequacy indicates that, as greater is the value
in (2), greater is the level of satisfaction of basic needs of the retired people. It is important to note
that we use the gross replacement rate provided by the OECD.

Sufficiency:

For sufficiency, its approach becomes more complex compared to the two previous elements. It is
important to highlight that different procedures are carried out depending on the type of system in
each country, but for both cases the main idea is focused on get a measure that sum up the
distribution of the incomes of the pension scheme, between the expenses of pensioned people. With
this, although for each scheme the formula for sufficiency is different, we make it quantitatively
comparable for each country.

In the case of countries with a defined benefit system, it is proposed to determine the value directly
as a ratio of the incomes of all the working population that contributes to the system between all the
consume of retired population receiving pensions. We define:

2j=1 Future economically active population; - Future contribution; ) 3)

Suf ficiency = min - - — - )
2 y (271:1 Future pensioned population; - Future cost of minimum expenditure basket;
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In other matters, for the defined contribution systems, the aim is to obtain the value accumulated in
the fund by a worker who begins his productive stage at the age of 22 and continues uninterruptedly
until the effective age of exit from the labour market of each country. Thereafter, the expenditure
that people will make during their retirement stage is approximated, according to retirement age and
life expectancy. Mathematically, we have:

Sufficiency = min (

C)

™, (1 + r)"Contribution made;
2, Future cost of minimum expenditure basket;’

In both cases:
n = years of contribution

m = years of expectancy life at retirement age
r == average rate of return of the investement of pension plans.

As it can see in (3) and (4) the principal idea is distributing the incomes between the expenses, while
in (3) we made it in a collective manner, in (4) it is individually. It is worth highlighting that in both
cases we propose the formulas attached to the conceptual ideas of each pension scheme. At the
same time, it has maximum level of one with the objective of have all the axes of the methodology
in the same units, in (1) to (4). Higher values indicates that the pension schemes can maintain itself
financially over time. An uncommon case was Iceland, which was the unique country that due to the
higher contribution rate and annual salary overcomes the maximum value of one in the sufficiency.

Implicitly, for the mathematical construction of sufficiency, in both cases, the following elements are
required:

1) Average annual salary.

2) Contribution rate.

3) Normal retirement age.

4) Consumer price index.

5) Average annual rate of return on the investment of pension plans over the last 20 years.
6) Minimum expenditure basket.

7) Economically active population.

8) Pensioned population.

Specifically, to estimate future average annual salaries, the future economically active population,
the future pensioned population and the future consumer price index, we use ARIMA models. Then,
the numerator of equation (3) is determined using the projected economically active population, the
projected average annual salary, and the contribution rate. The denominator, on the other hand, is
calculated using the projected pensioned population and the future cost of the minimum expenditure
basket. In contrast, for the numerator of equation (4), the projected average annual salary, the
average rate of return and the contribution rate are used, while the denominator considers only the
future cost of the minimum expenditure basket.

It is important to mention that for defining coverage, adequacy and sufficiency, most of the variables
were obtained from the data provided by the Organization for Economic Cooperation and
Development (OECD) on its OECD Data Explorer website3 except the minimum expenditure basket
(which was obtained from the United States Bureau of Labor Statistics*) and the number of
pensioners (obtained in the websites detailed in the Annex 1). The data of the OECD belong to the
mandatory schemes of the Tier 2 (mandatory savings system, provided by either the public or private
sector), however there are another classifications of the Averting the Old Age Crisis report of the

3 Source: https://data-explorer.oecd.org/
4Source: https://www.bls.gov/opub/reports/consumer-expenditures/2022/home.htm
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World Bank (World Bank Group, 1994), which includes Pilar 1 (a mandatory, publicly managed, tax-
financed public pension), Pilar 2 (mandatory, privately managed, fully funded benefits) and Pilar 3
(voluntary, privately managed, fully funded personal savings) or the World Bank’s Pension Conceptual
Framework (World Bank Group, 2008) that contains Zero Pillar (a non-contributory basic pension
from public finances to deal explicitly with the poverty-alleviation objective), First Pillar (A mandated
public pension plan with contributions linked to earnings, with the objective of replacing some
preretirement income), Second Pillar (Typically, mandated DC, with individual accounts in
occupational or personal pension plans with financial assets), Third Pillar (Voluntary and fully funded
occupational or personal pension plans with financial assets that can provide some flexibility when
compared to mandatory schemes) and Fourth pillar (A voluntary system outside the pension system
with access to a range of financial and nonfinancial assets and informal support, such as family,
healthcare and housing).

All the data were searched in official websites and since the type of statistical information we assume
that the number of pensioners of each country is an approximation of the number of pensioners that
belongs to the mandatory schemes in the proposed model. Also, it should be noted that, for simplicity
in the construction and evaluation of the model, the presented metrics were proposed knowing that
they can be modified by incorporating more financial elements or taking a more complex concept. In
the same sense, the definition of sufficiency adheres to the pure definition of each system: that is,
government interventions to complement pension payments are not considered.

Of the OECD member countries, only those with sufficient data for the development of the model will
be taken into account for study, but also those that maintain a constant pension system in the long
term. These countries are reduced to 17, which are listed in Table 1. Based on the information
collected: the type of system, retirement age, and average working lifetime, considering that it
begins at age 22 for all countries and expected retirement time, which is constructed by subtracting
the retirement age from the life expectancy (calculated at the time of retirement age).

RN PENSION | RETIREMENT ?EV[EESAS]; LIFE RETIREMENT | CONTRIBUTION
SCHEME AGE - EXPECTANCY | EXPECTANCY RATE
AUSTRALIA DC 67 45 86 19 Mo
AUSTRIA DB 65 43 84 19 (D
BELGIUM DB 65 43 84 19 Mo
CANADA DB 65 43 85 20 Mo
CZECH REPUBLIC DB 64 42 82 18 EElNE
DENMARK DC 67 45 84 17 Mo
FINLAND DB 65 43 84 19 EElNE
FRANCE DB 64 42 87 23 Mo
HUNGARY DB 65 43 78 13 (D
ICELAND DC 67 45 85 18 EElNE
JAPAN DB 65 43 88 23 Mo
PORTUGAL DB 66 44 86 20 EElNE
SLOVENIA DB 62 40 85 23 Mo
SPAIN DB 65 43 87 22 (D
SWITZERLAND DB 65 43 87 22 Mo
TURKIYE DB 52 30 81 29 Mo
UNITED STATES DB 66 44 83 17 EElNE
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Table 1: Description of some of the main elements of each country according to the pension scheme,
where DC stands for Defined Contribution and DB stands for Defined benefit. The contribution rate
was obtained from the OECD and is calculated based on the taxable income base. Source: author’s
own work.

4. RESULTS

4.1 Time series analysis for minimum expenditure basket, economically active population,
and average salaries

Since we use annual data and aim to identify growth patterns for aggregate projections, ARIMA
models (see Annex 2) are used to forecast the future economically active population, the future
consumer price index, the future average salary and the future pensioned population. Once these
are obtained, future contributions are calculated as a fixed rate of future salary and future minimum
expenditure basket is obtained inflating the cost of the minimum expenditure basket for each country
in 2022. It is important to emphasize that the coverage and adequacy calculations are obtained
directly with the data provided by the OECD database; however, in the case of sufficiency, a more
elaborate process is required, which begins with the collection of historical data and continues with
the adjustment and development of models. Projections were made using ARIMA models, with
forecasts beginning in 2023, the same year in which the pension schemes were evaluated using the
proposed methodology®. The models covered the following variables: the consumer price index (used
to estimate the cost of the minimum expenditure basket), the economically active population, and
average salaries. All variables were modelled on an annual basis, resulting in the development of 51
models in R (R Development Core Team, 2024), specifically using the forecast package (Hyndman &
Khandakar, 2008; Hyndman et al/, 2024). Each ARIMA model was developed with all the annual data
available, which were different for each country, with the *# Obs” column in Table 2 indicating the
number of observations used for each one. Likewise, the residuals of the models were tested with
the Shapiro-Wilk test for normality and the Ljun-Box test for autocorrelation, and for all the tests the
p-value was greater than 5% (see Table 2 for models and p-values).

CONSUMERPRICE |  ACTIVEECONOMIC PENSIONED
COUNTRY INDEX POPULATION AVERAGESALARIES POPULATION
SHAPIRO- | LJUN- # | SHAPIRO- | LJUN- # | SHAPIRO- | LJUN- # | SHAPIRO- | JUN- | #
WILK BOX | OBS WILK BOX | OBS WILK BOX | OBS WILK BOX | OBS
ARIMA(2,0,2) ARIMA(3,1,2) ARIMA(3,1,1) ARIMA(2,2,3)
AUSTRALIA 44 44 47 44
0.497 | 0.758 0.130 | 0.658 0.802 | 0.941 0.143 | 0.994
ARIMA(2,0,3) ARIMA(2,1,1) ARIMA(5,2,1) ARIMA(3,3,5)
AUSTRIA 44 44 33 44
0.914 | 0.985 0.627 | 0.922 0.664 | 0.993 0.067 | 0.806
ARIMA(3,0,4) ARIMA(3,2,2) ARIMA(3,1,2) ARIMA(3,14)
BELGIUM 44 44 33 44
0.9312 |0.9298 0.6561 | 0.9889 0.629 |0.9814 0.068 | 0.997
ARIMA(2,0,3) ARIMA(3,2,2) ARIMA(2,1,2) ARIMA(2,2,2)
CANADA 44 44 33 44
0.4094 |0.6512 0.3094 | 0.8740 0.9486 | 0.5024 0.359 |o0.162
ARIMA(4,0,2) ARIMA(3,2,4) ARIMA(2,1,2) ARIMA(5,1,2)
CZECH REPUBLIC 44 44 29 38
0.2067 |0.4155 0.5861 | 0.2590 0.5245 |0.7955 0.066 | 0.911
DENMARK | ARIMA(3,0,3) | 44 | ARIMA(322) | 44 | ARIMA(023) | 47 | ARIMA(3,13) | 44

5 As an illustrative example, consider the case of Australia, where the expected retirement duration is 19 years.
Consequently, the projected values span from 2023 to 2041. The same approach is applied to the remaining countries,
taking into account only the variables relevant to each pension scheme, as specified in equations (3) and (4).

139



Gorostieta Ortega, D.R.

0.7099 | 0.9943 0.7681 | 0.9985 0.1026 |0.8713 0.188 | 0.971
ARIMA(3,0,3) ARIMA(3,2,3) ARIMA(4,1,2) ARIMA(1,1,1)

FINLAND 44 44 33 44
0.5011 |0.5128 0.5811 | 0.9752 0.8684 | 0.9815 0.115 | 0.988
ARIMA(2,0,4) ARIMA(1,2,2) ARIMA(2,1,1) ARIMA(3,2,2)

FRANCE 44 44 33 39
0.2908 | 0.9968 0.3858 | 0.9202 0.3206 |0.7186 0.091 | 0.994
ARIMA(3,0,2) ARIMA(1,2,1) ARIMA(2,2,2) ARIMA(2,1,2)

HUNGARY 44 32 29 44
0.8308 |0.9071 0.2751 | 0.3586 0.684 |0.6749 0.619 | 0.952
ARIMA(4,0,2) ARIMA(3,2,1) ARIMA(5,1,2) ARIMA(4,2,2)

ICELAND 44 44 47 44
0.9494 | 0.9948 0.3387 | 0.878 0.1667 |0.8787 0.233 | 0.836
ARIMA(4,0,4) ARIMA(0,2,2) ARIMA(3,1,2) ARIMA(3,2,2)

JAPAN 44 44 33 44
0.1119 |0.7962 0.0934 | 0.9964 0.7135 | 0.2791 0.156 | 0.994
ARIMA(3,0,3) ARIMA(2,12) ARIMA(1,2,3) ARIMA(3,1,3)

PORTUGAL 44 44 29 44
0.5680 |0.6563 0.9301 |0.9015 0.1058 | 0.9646 0.131 |0317
ARIMA(4,0,3) ARIMA(4,2,1) ARIMA(2,2,5) ARIMA(3,2,2)

SLOVENIA 44 28 29 44
0.9867 |0.7378 0.3044 | 03953 0.2934 | 0.3849 0.209 |0.991
ARIMA(3,0,3) ARIMA(2,2,1) ARIMA(2,0,2) ARIMA(3,2,3)

SPAIN 44 44 33 44
0.1355 |0.9933 0.5717 | 0.5574 0.1694 |0.9248 0.381 | 0.934
ARIMA(3,0,2) ARIMA(3,2,2) ARIMA(2,1,2) ARIMA(5,2,5)

SWITZERLAND 44 44 33 44
0.3432 | 0.9541 0.2407 | 0.8473 0.1703 | 0.9491 0.067 | 0.996
. ARIMA(4,0,2) ARIMA(2,1,1) ARIMA(2,2,2) ARIMA(2,2,2)

TORKIYE 44 24 29 44
0.2926 | 0.5640 0.1561 | 0.8600 0.1736 | 0.8299 0.176 | 0.545
ARIMA(3,0,4) ARIMA(3,1,2) ARIMA(2,1,2) ARIMA(4,2,3)

UNITED STATES 44 44 33 44
0.3117 [0.9230 0.485 | 0.9249 0.2888 |0.9195 0.309 | 0.983

Table 2: Models and p-values of Shapiro-Wilk and Ljun-Box tests for the consumer price index, the
active economic population, the average salaries and the pensioned population for each country.
Source: author’s own work.

In general, the goodness of fit of the ARIMA models presented in Table 2 was validated using the
Mean Absolute Percentage Error (MAPE) and the Mean Absolute Scaled Error (MASE). MAPE calculates
the average error between actual and forecasted values. In this case, average MAPE values were
approximately 27%, indicating good and acceptable fits, taking into account that the prediction
periods can be up to half the length of the historical information periods used to build the models.
On the other hand, MASE compares the model’s mean absolute error to that of a naive benchmark
model. The ARIMA models yielded average MASE values of 26%, also suggesting a good fit. It is
important to note that the number of forecasted annual observations for each model is determined
by the retirement expectancy of each country, which are shown in Table 19,

Although, ARIMA models could not have great predictive capacity in the long term, they only serve
as a watershed to outline future behaviour of each variable This allows us to obtain the numerator
and denominator of (3), or the denominator of (4), as the case may be. Additionally, each model has
different estimation settings, however, for each of them, the necessary assumptions for its application
were confirmed and subsequently, the evaluation was carried out for its acceptance, to highlight the
autocorrelation and normality of errors.

8 It is evident that the results of the proposed scoring are sensitive to the degree of error in the estimated stochastic
models and to the methodology itself (ARIMA), since itis typically used to predict shorter time periods.
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With all the elements described, the central axes of the model, coverage (1), adequacy (2), and
sufficiency (3) or (4), are calculated for each analysed country and are showed in Table 3.

COUNIRY COVERAGE ADEQUACY SUFFICIENCY
AUSTRALIA 0.6870 0.3557 0.9191
AUSTRIA 1.0000 1.0000 0.6025
BELGIUM 0.8997 0.6214 0.4531
CANADA 0.8185 0.5257 0.4003
CZECH REPUBLIC 1.0000 0.8971 0.3164
DENMARK 0.9722 1.0000 0.8484
FINLAND 1.0000 0.8343 0.4242
FRANCE 0.9698 0.8229 0.5832
HUNGARY 0.9894 0.7243 0.4042
ICELAND 1.0000 0.6157 1.0000
JAPAN 1.0000 0.4629 0.3876
PORTUGAL 0.8655 1.0000 0.3944
SLOVENIA 1.0000 0.6014 0.6368
SPAIN 0.6713 1.0000 0.7892
SWITZERLAND 0.7500 0.5700 0.6997
TURKIYE 0.5096 0.9850 0.8114
UNITED STATES 0.8987 0.5586 0.3937

Table 3: Coverage, adequacy and sufficiency by country, 2023. Source: author’s
own work.

4.2 Analysis of principal components of coverage, adequacy, and sufficiency of pension
systems

Based on these data, a way to combine them is explored in such a way that they can be summarized
in a single measure that describes the generic pension situation for each country. In this way, we use
principal component analysis (see Annex 2) as a manner of searching for a relationship between data
for each country and resume it in an only measure that allows understand and evaluate the
performance of the different pensions systems around the world, which is the main objective of the
paper. Although a priori, it can be judged, given the low-middle correlation of the variables (see
Figure 1), the development of the model would be implausible, during the execution, two highly
relevant premises are concluded. The first allows us to frame that, by having the same number of
original components and variables, there are essential elements with a different approach for the
explanation of the phenomenon under study. The second argument focuses on taking advantage of
the intermediate results obtained in the principal component analysis.

The Pearson correlation between the variables, coverage, adequacy and sufficiency, of Table 3 is
situated at levels very close to zero, except for the coverage and sufficiency, where the heatmap
highlights a middle inverse correspondence between them (-0.4) (see Figure 1). It is important to
note that we also compute the Spearman correlation and the differences between both methods are
not significative.
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Figure 1: Correlation between the coverage, adequacy and sufficiency variables.
Source: author’s own work.

With the principal component analysis executed in the R software, specifically with the FactoMineR
package (Lé et al, 2008) and the PCA function, three principal components are obtained from the
coverage, adequacy and sufficiency variables of Table 3. The percentages of explained variance for
components one, two, and three are 45.70%, 40.15%, and 14.15%, respectively. Visually, Figure 2
concentrates the results. The variance explained by the first two components accumulates 85.9%,
although, as it will be shown later, it incorporates to a greater extent only two original variables
(adequacy and sufficiency) and the third component accounts for nearly 85% of the remaining
variance, primarily associated with coverage).

Scree plot
45.7%

=] w =
o =9 =1
' ' '

Percentage of explained variances
=
)

1 2 3
Dimensions

Figure 2: Explained variance by the three principal components of coverage,
adequacy and sufficiency variables. Source: author’s own work.

The next part corresponds to the relationship of the variables and the components; Figure 3 shows
the behaviour of the two components with the greatest explained variance. The components with the
greatest explained variance show some prominent patterns, such as the location of the most
countries with a defined benefit pension system situated in the left.
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Figure 3: Graph of the countries for the two first components. Source:
author’s own work.
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Consecutively, Figure 4 summarizes the contribution of the variables to each of the principal
components based on the linear combinations, according to the importance given to each original
variable. These results are essential for the construction of the evaluation tool, in conjunction with
the explained variance of the components, which will be the weight that will be given to each of these
new variables.

X1 X2 X3
COVERAGE  15.1430% 0.4015% 84.4554

|
|
ADEQUACY 4.5398% 95.4079% 0.0522% |
SUFFICIENCY 80.3171% 4.1905% 15.4923%|

Figure 4: Contribution of the coverage, adequacy and sufficiency
variables to the components’. Source: author’s own work.

4.3 Proposal for a pension system evaluation technique

The reason for executing this analysis was not so focused on dimensionality reduction, but rather, in
a way to weight the variables in a non-uniform manner, that is, not to assign the same weight equally
to the variables. In Chao and Wu (2017) and Broby and Smyth (2025), are presented some ideas for
constructing an index follow reasoning similar to the proposed in this paper but applied to different
professional fields. Likewise, the proposed methodology takes advantage of the benefits inherent in
principal component analysis, resulting in an aggregate score that retains the information from all
the variables. Therefore, the pension classification score is defined as follows:

Score = 0.4570 - X1+ 0.4015- X2 + 0.1415 - X3. (5)

Where the multiplication is weighted by the contribution made by each variable (see Figure 4), such
that:

X1 =0.15143 - Coverage + 0.04539 - Adequacy + 0.80317 - Suf ficiency. (6)

X2 =0.00401 - Coverage + 0.95407 - Adequacy + 0.04190 - Suf ficiency. (7

X3 = 0.84455 - Coverage + 0.00052 - Adequacy + 0.15492 - Suf ficiency. 8)
cos?(;j)

”The contribution of each variable to the component is defined by the equation where 6;; is the angle

¥jcos?(8;))’
between the variable and the component.
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By substituting (6), (7), and (8) into (5), we obtain the final weights based on the original variables:
Score = 0.19032 - Coverage + 0.40388 - Adequacy + 0.40579 - Suf ficiency. 9

With these weights, the following scores are obtained for each country (see Table 4), with a mean of
0.70, and the minimum and maximum scores are 0.53 and 0.93 respectively. Moreover, 59% of
countries are ranked below average, and none reaches the maximum value of 1.

COUNTRY SCORE
AUSTRALIA 0.6474
AUSTRIA 0.8387
BELGIUM 0.6061
CANADA 0.5306
CZECHREPUBLIC | 0.6810
DENMARK 0.9332
FINLAND 0.6994
FRANCE 0.7536
HUNGARY 0.6448
ICELAND 0.8448
JAPAN 0.5345
PORTUGAL 0.7287
SLOVENIA 0.6916
SPAIN 0.8519
SWITZERLAND 0.6569
TURKIYE 0.8241
UNITED STATES 0.5564

Table 4: Final scores according to the proposal technique for
each country. Source: author’s own work.

4.4 Complementary support to the classification of the pension systems with
conglomerates

To obtain a general view of the situation of the countries, a clustering analysis (see Annex 2) is
carried out with the NbClust package (Charrad et al, 2014 and 2022) considering the coverage,
adequacy, and sufficiency of the pension systems shown in Table 3, as a complementary way to
support the principal component analysis.

Specifically, as mentioned in the previous section, Ward's method is used, since this methodology
aims to maximize homogeneity within the clusters (Aldas & Uriel, 2017). The efficient number of
clusters resulted in five, shown in the dendrogram in Figure 5, where the red line indicates the
separation of the different groups obtained:

Group 1: Belgium, Canada, Japan, Slovenia, United States.
Group 2: Australia, Iceland, Switzerland.

Group 3: Spain, Tirkiye.

Group 4: Austria, Denmark, France.

Group 5: Czech Republic, Finland, Hungary, Portugal.
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Figure 5: Clusters of countries according to the coverage, adequacy and
sufficiency variables. Source: author’s own work.

Additionally, the following table summarizes the average, minimum, and maximum values of the
original variables and the scores of the previously defined groups. Within each group, it is possible
to identify certain patterns that explain the resulting clusters.

GROUP STATISTICS COVERAGE | ADEQUACY SUFFICIENCY SCORE
AVERAGE 0.9234 0.5540 0.4543 0.5838

1 MIN 0.8185 0.4629 0.3876 0.5306
MAX 1.0000 0.6214 0.6368 0.6916

AVERAGE 0.8123 0.5138 0.8729 0.7164

2 MIN 0.6870 0.3557 0.6997 0.6474
MAX 1.0000 0.6157 1.0000 0.8448

AVERAGE 0.5905 0.9925 0.8003 0.8380

3 MIN 0.5096 0.9850 0.7892 0.8241
MAX 0.6713 1.0000 0.8114 0.8519

AVERAGE 0.9807 0.9410 0.6780 0.8418

4 MIN 0.9698 0.8229 0.5832 0.7536
MAX 1.0000 1.0000 0.8484 0.9332

AVERAGE 0.9637 0.8639 0.3848 0.6885

5 MIN 0.8655 0.7243 0.3164 0.6448
MAX 1.0000 1.0000 0.4242 0.7287

Table 5: Comparison of statistics by group. Source: author’s own work.

5. DISCUSSION

Figure 6 concentrates the scores obtained from the proposed evaluation technique (9) and are
ordered according to the punctuation such that the results can be understood easier. However, some
generic aspects of the methodology will be discussed additionally to explain the scores obtained by
each country.
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Figure 6: Ordered scores for the countries. Source: author’s own work.

Figures 7, 8, and 9 contain the values of each axe of the classification technique (24): coverage (1),
adequacy (2), and sufficiency (3) or (4), respectively. The average coverage is 0.88, with
observations located between 0.50 and 1.00, besides, 50% of the countries have a score above 0.96.
For the adequacy the average is 0.74, with observations located between 0.35 and 1.00. Finally, the
average sufficiency is 0.59, with observations located between 0.31 and 1.00 and eight countries
have a score below 0.5.
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Figure 7: Coverage for the countries. Source: author’s own work.
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Figure 8: Adequacy for the countries. Source: author’s own work.
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Figure 9: Sufficiency for the countries. Source: author’s own work.

In this sense, the country with the highest score obtained is Denmark with 0.93, followed by Spain
and Iceland with an approximately score of 0.85. With this, it can be expressed that countries with
a defined contribution system within the study, achieved the best scores.

In fact, Australia, the other country with a defined contribution system, has very good sufficiency
conditions, however, its score was affected due to it having the lowest replacement rate of all
countries. Likewise, in the dendrogram, Denmark and Austria are part of the same group along with
France, as a result of having scores above average in the three axes.

Furthermore, Spain takes the second place in the ranking. The level of adequacy and sufficiency it
has is great, and, although the level of coverage is the second lowest, there is a large change of 16
points compared to Turkiye which ranked last place in this same axe. For this last reason, Spain and
Tlrkiye are grouped in the same conglomerate.

The next grouping is made up of the Czech Republic, Finland, Hungary, and Portugal. In general,
these countries occupy good positions in one aspect, as well as not-so-good positions in
complementary elements, which is why they are located around the average value of the classification
scores.

Finally, the last group is made up of Slovenia, Japan, Canada, Belgium, and the United States, and
it is characterized for having obtained the lowest scores, which is not surprising given the scores that
these countries attained at the individual level in coverage, adequacy, and sufficiency. Canada and
Japan are the countries with the lowest score, and, although they did not obtain the lowest level in
any of the elements, they were surpassed by the rest of the elements of those countries that were
at low levels of coverage, adequacy or sufficiency.

Although, given the coverage, adequacy, and sufficiency scores, it can be understood why each of
the countries obtained their respective score in the ranking; the support of the Mercer index scores
is added in Table 6. This is an index composed of three sub-indexes: adequacy, sustainability, and
integrity (Mercer, 2023). Consistent with the obtained results, the Mercer index ranks Iceland and
Denmark in the top three. On the contrary, Japan has one of the lowest scores according to the
Mercer index, as in the model of this analysis. The case of Tirkiye stands out, which in the Mercer
index has a lower level than Japan. One of the causes of this difference is the greater incorporation
of variables in Mercer index, however, since the projections made in the analysis of ARIMA models,
it was observed that Tlrkiye will present problems in the long term due to the growth of its
population, it is an element that has been taking into account in a more extended way in the Mercer
index. For the rest of the countries, the behaviour seems quite similar, although with some variations
in the positions, which is explained by the approach applied in each analysis. The following table
presents the Mercer Index scores alongside the proposed scores from this paper. It is important to
note that the Pearson and Spearman correlation coefficients were computed, and in both cases, the
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values were close to 0.05. This result is largely due to significant variations in countries such as
Austria, Canada, and Turkiye.
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Table 6: Comparative analysis of the Mercer Index and the proposed
score, 2023. Source: author’s own work.

Figure 10 displays, in a two-dimensional space, the values of the countries in the Mercer Index and
in the proposed score, as a complement to Table 6. If we leave out Iceland and Denmark, a certain
degree of non-linear correlation can be identified between the Mercer Index and the proposed score
(under this condition we have a Spearman correlation coefficient of -0.41).
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Figure 10: Mercer Index and the proposed score, 2023. Source: author’s own
work.
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In addition, the results of this study are comparable to the synthetic indicator proposed by Alonso-
Fernandez et al (2018) for the countries included in both studies, despite the fact that Alonso-
Fernandez et al indicator was defined for the year 2018 (see Table 7). Although they do not address
the same elements completely, since in this study we define adequacy from a simpler point of view
and combine it with coverage and financial sufficiency. As for the comparative results, Spain and
Denmark are in the highest positions in both cases, France, Portugal, Finland and Slovenia are also
located in the intermediate positions and Belgium occupies the lowest positions.
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Table 7: Comparative analysis of the Alonso-Fernandez et al indicator and the
proposed score. Source: author’s own work.

Similarly to the previous comparison, Figure 11 shows in a two-dimensional space the values of the
countries in the Alonso-Fernandez et al indicator and in the proposed score. In this case, the
Spearman correlation coefficient is approximately 0.42. However, when Denmark and Spain are
excluded from the analysis, the coefficient drops to -0.21, which may be attributed to the temporal
differences between the two analyses.
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Figure 11: Alonso-Fernandez et al indicator and the proposed score. Source:
Author’s own work.

6. CONCLUSIONS

The results of the intermediate processes in the new proposed classification technique, allow us to
extract valuable arguments for the identification of improvement opportunities that countries present
in terms of their pension system. As it was shown in this study and in the majority of pension case
studies, the financial aspect turns out to be the fundamental piece to take into account; although
defined contribution systems seem to have an advantage in this study in terms of sufficiency, this
could be modified if, for defined benefit systems, government contributions were included, which can
also appear in some defined contribution systems when the minimum funds are not reached.

The previous argument leads to considering the other two elements, adequacy and coverage. The
original measures, by themselves, are very useful for governments, since they can identify those
aspects in which there are improvement plans. This would not be limited only to identifying actions
to improve, given that evaluations can be carried out yearly and allow analysing the effectiveness of
the changes made to the pension systems. In this context, the proposed methodology is intended as
a complement rather than a replacement for existing indexes such as the Mercer Index or the Alonso-
Fernandez et al indicator. As shown in Figures 10 and 11, there is a certain degree of correlation
between the proposed score and each of the other two indicators, respectively, which highlights the
distinct approach of the proposed score

Additionally, it highlights the expansion that this analysis could have, in terms of the conceptual and
structural standings already mentioned of the coverage, adequacy or financial sufficiency, but also,
in the number of countries that are part of the study. Although the data used is not difficult to
determine, nor does it contain sensitive information, the repositories found to this point are few. In
the same sense, once the data is available, it would be of great value to be able to make a clear
distinction between them for those countries that carried out structural reforms in their pension
systems and that currently have more than one pension scheme, all this with the purpose of analysing
the very particular behaviour of these regions.

Finally, once the results have been analysed, the governments of each country will find the necessary
actions to improve those points that can be overcome and ensure the improvement of social well-
being. However, it is essential to continue encouraging on a personal level a culture of awareness
and promotion of savings in old age, particularly in developing countries which are, in general terms,
the ones that find the most areas of opportunity in this regard as a consequence of an unsubstantial
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financial education, while countries should establish target scores to guide the improvement of their
pension systems.
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Annex 1. Pensioned population sources (searched in April 2024).

Country Source

Australia https://www.aihw.gov.au/reports/australias-welfare/income-support-older-
australians#How_many_older

Austria https://www.statistik.at/en/statistics/population-and
-society/social-benefits/pensions/pensions

Belgium https://www.statista.com/statistics/542467/number-
of-pensioners-in-belgium-by-age/

Canada https://www.osfi-bsif.gc.ca/en/oca/actuarial-reports/

actuarial-report-31st-canada-pension-plan

Czech Republic

https://www.cssz.cz/documents/20143/99587/2022
_ Statistick%C3%A1%20ro%C4%8Denka%20z%200
blasti%?20d%C5%AFchodov%C3%A9h0%20p0ji%C5
%A1t%C4%9BN%C3%AD%20za%20rok%202022
.pdf/c4b3c136-17c2-8913-8a24-dafdabbc60bf

Denmark

https://www.dst.dk/en/Statistik/emner/sociale-forhold
/offentligt-forsoergede/folke-ogfoertidspensionister#: ~:text=
Number%?200f%_20recipients%200f%?20national%200ld%2Dage
%?20pension%20in%20Denmark&text=Range%3A%201040000%20t0%201080
000.

Finland

https://www.julkari.fi/bitstream/handle/10024/145447/
statistical-yearbook-of-pensioners-in-finland-
2021 .pdf?sequence=1&isAllowed=y

France

https://www.statista.com/statistics/949679/general-plan
-pensioners-by-gender-france/

Hungary

https://www.ksh.hu/stadat_files/szo/en/szo0054.html

Iceland

https://www.statice.is/publications/news-archive/social-
affairs/pension-beneficiaries-
2021/#:~:text=In%20December%202021%2C%20
about%2065,group%2C%2065%20t0%2066%20years.

Japan

https://www.ipss.go.jp/ssj-db/e/ssj-db-top-e.asp

Portugal

https://www.pordata.pt/en/db/portugal/search+environment/table

Slovenia

https://www.stat.si/StatWeb/en/News/Index/11251

Spain

https://www.seg-social.es/wps/wcm/connect/wss/e472
fa03-a82b-4ac3-93d7-d01559e257ba/202203_Avance+provincial.pdf?MOD=
AJPERES&CONVERT_TO=Ilinktext& CACHEID=ROOTWOR
KSPACE.Z18_2G50H38209D640QTQ570VB2000-e472
fa03-a82b-4ac3-93d7-d01559e257ba-n.0jun

Switzerland

https://www.bfs.admin.ch/bfs/en/home/statistics/social-security/occupational-
pension-plans/beneficiaires-benefits.html

Turkiye

https://data.tuik.gov.tr/Bulten/Index?p=Social-Protection
-Statistics-2020-37193&dil=2#:~:text=While%20the%?20
number%200f%200ld, million%20747%20thousand%20in%202019.

United States

https://www.statista.com/statistics/194295/number-of-
us-retired-workers-who-receive-social-
security/#:~:text=The%20number%200f%20retired%
20workers,t0%20continue%?20into%20the%20future.

155




Gorostieta Ortega, D.R.

Annex 2. Mathematical concepts.
Time series

Box et al (2016), Cowpertwait and Metcalfe (2009), Shumway and Stoffer (2006), along with
Brockwell and Davis (2002), define a time series as a sequence of observations ordered in time and
with the same periodicity, thus, analyses of these data focus on techniques that look for dependencies
between observations to forecast the future value of data series using current and past values. The
basic idea of the stochastic model of a time series z, is based on successive values that assume high
dependence, which is generated from independent random shocks a, with fixed distribution, usually
assumed normal with zero mean and variance ¢2.

A sequence of independent random variables a;,a,_;,a;_,, ... is known as a white noise process, there
by, if a linear transformation is applied, then:
zg=p+a+P1aiq a0, + - +=p+P(Bay, (10)

where B is known as the delay operator (Bz, = z,_,) and u is a parameter that determines the level
of the process. Additionally, the sequence of weights y,,¥,,... can be finite or infinite and can be
absolutely summable, such that Zj?';0|z,bj| < o, If the process meets this property, it is said to be a
stationary stable process and the parameter u is the average of the process; otherwise, the process
is non-stationary and u has no concrete meaning.

Particularly, an autoregressive model has the characteristic that the current value of the process is
determined as a finite linear aggregate of previous values of the process and a random shock a,. In
this way, the values of the process at time ¢, t—1, t—2,..are denoted as z,z,_4,2;_,,.. and the
deviations of the process are z, = z, — u, such that:

Zy = P12t 1+ P2z o+ PpZi Hay, (11)
is a p order autoregressive process (AR). It also can be written as:
(1~ ¢1B — ¢,B* — = ¢,B?)z, = ¢,(B)Z, = a. (12)

Another important model in time series is the process known as moving averages, where z, is taken
as an independent value of a finite series of ¢ previous random shocks a. So:

Z_t = at - Qlat_l - gzat_z — = Qqat_q, (13)
or:
Z_t = (1—91B—62B2—"'_9q3q)at :eq(B)at" (14)

With the combination of the two previous models, the autoregressive moving average models (ARMA)
are developed and are expressed mathematically as:

¢p(B)Z, = 04(B)ay. (15)

However, Box et al (2016) mention that most phenomena, both in the industrial sector and in the
business field, do not present stationarity, so it is necessary to introduce the difference operator vi=
(1 — B)%, which satisfies V¢z, = V9z.. In this way, a model that is not stationary can be transformed as
follows to achieve stationarity:

¢p(B)VdZt = ¢p(B)Wt = eq(B)at (16)

where w, = (1 — B)4z,.
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With this adhesion, the integrated autoregressive models of moving averages, ARIMA, of order
(p,d, q) are defined. Likewise, for seasonal time series, with period s, ARIMA models can be extended
with the opretor V.= 1 — B¥, such that:

¢p(BYPp(B*)VVSz, = 6,(B)0q(B)a,. a7

Note that ®p(B*), V? and 04(B*) are seasonal operators and the general models are expressed as
ARIMA (p,d,q) % (P,D, Q)s.

Additionally, in the previous development, it is considered that the time series data z, has a regular
behavior in which the dispersion concerning the mean is constant, that is, the series is stationary in
variance. This condition can be achieved by the Box-Cox transformation, which is defined by Box and
Cox (1964) as follows:

A .
\ — y siA#0
Y {logy si A=0. (18)

For the time series model, consider an original data series x,, such that:

_{x{l siA+0 (19)

= logx, si 1=0.

For a detailed analysis of the estimation process, it is recommended to see Box and Cox (1964).
Subsequently, the Box-Jenkins methodology is applied, which consists of 4 steps: identification of
the process, estimation of parameters, verification of results, and forecast (Das, 2015). The
validation for the ARIMA models in this paper is based on the normality (Shapiro-Wilk) and non-
correlation (Ljun-Box) tests applied to residuals.

Principal Component Analysis

The next topic reviewed is principal component analysis. Aldas and Uriel (2017), as well as Husson
et al (2011), agree in defining this multivariate technique as a process through which a set of
uncorrelated and orderable variables is obtained according to the information they contain. It is
important to emphasize that the principal components obtained with this analysis are the result of
linear combinations of the original variables.

Mathematically, consider a sample of size n of p variables, X, X,,..,X,, the components, Z;;, are
expressed as a line combination, such that:

211 X1 Xo1 o Xp1][U12
le — XlZ X22 e sz Ug2 (20)
le XlTl in e XpTl ulp

In this way, the first component is obtained by maximizing its variance, subject to the restriction that
the sum of weights u,; squared equals one. Thus, if V is the variance-covariance matrix, then the

variance of the first component is:

var(Z;) = u,Vu,. 21
The constraint can be seen as:
P
Z U2 =y = 1. 22)
j=1

To obtain the next components is necessary include the orthogonality restriction:
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‘lilul = liluz = ""lilup_l =0. (23)

Most books on multivariate analysis techniques mention the need to work with data centred on the
mean or standardized for principal component analysis, because the analysis with original data could
imply that the first component gets biased towards the mean of the data. On the other hand,
Gallagher et al (2020) argue that, if the data is not centred, the first component will not be the mean
of the data, but the result may tend towards it. Correspondingly, when the data are not centred, the
first component captures more variance given that the sum of squares is based on the mean. In this
paper, given that the coverage, adequacy and sufficiency are on the same scale (between zero and
one) and additionally, we seek to have a direct relationship with the average of the data to evaluate
the generic situation, it was decided to work with the variables without any transformation.

Clustering

The last topic to review is clustering analysis, which has the purpose of creating groups of
homogeneous observations and at the same time groups as different as possible from each other.
The main idea is based on establishing a measure, commonly known as distance, which indicates the
degree to which each pair of observations is related. In this case, it is essential to standardize the
observations since distance measurements are very sensitive to units.

Despite the different grouping methods that exist, Ward's method was selected given that it proposes
all possible combinations for the number of groups considered in each stage and is not based on the
distance of the clusters to form the groups. Ward’s method calculates the centroids of the groups of
the possible mergers and calculates the squared Euclidean distance of all the observations of the
group so that in the solution, a lower sum of squares is obtained, and maximum homogeneity is
guaranteed. Squared Euclidean distance is defined as:

k
Dy = Z(xip — %) . 24)
p=1

When all distances are calculated, the closest observations are grouped and subsequently, this group
is replaced by an observation that represents them and that takes the average values of the set of
observations that make up the group. This process is repeated until the determined number of groups
is reached. It must be noted that this last technique was incorporated to give more interpretation to
the results obtained in principal components analysis.
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